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Abstract. In this paper, we classify all values of the parameters a, (3, 7 and 5 of the Painleve VI equa- 
tion such that there are rational solutions. We give a formula for them up to the birational canonical 
transformations and the symmetries of the Painleve VI equation. 

1. Introduction. 



In this paper, we study the general Painleve sixth equation 
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where a; e ([ and a,/?, 7, 5 are arbitrary complex parameters. The general solution y{x; ci, C2) of the PVI 
equation satisfies the following two important properties (see [Pain], [Gam]): 

1) Painleve property: the solutions y{x; 01,02) may have complicated singularities (i.e. branch points, 
essential singularities etc.) only at the critical points 0, 1, 00 of the equation (the so-called fixed sin- 
gularities). All the other singularities, the position of which depend on the integration constants (the 
so-called movable singularities), are poles. 

2) For generic values of the integration constants ci,C2 and of the parameters a, [3,^,5, the solution 
y{x; ci, 02) can not be expressed via known functions. 

The latter property needs to be stated more precisely. Following [Uml], [Um2], we define known or 
classical Junctions to be functions that can be obtained from the field of rational functions C(a;), by a finite 
iteration of the following operations: 

i) derivation, 

ii) quadrature, 

iii) arithmetic operations — , x, 

iv) solution of a homogeneous linear ordinary differential equations with classical coefficients, 

v) substitution into an Abelian function, 

vi) solution of algebraic differential equations of first order with classical coefficients. 

According to this definition, Watanabe (see [Wat]) proved that for generic values of the integration 
constants ci , 02 and of the parameters a, (3,j, S, the solutions y{x; ci , C2) of PVI are non-classical and classified 
all the one-parameter families of classical solutions of PVI. Loosely speaking, Watanabe proves that all one- 
parameter families of classical solutions of PVI are realized for values of the parameters a, j3, 7, 5 lying on the 
walls of the Weyl chamber of the group W of the birational canonical transformations.^ Such one-parameter 
families of classical solutions, already found by Okamoto, shrink down, by the action of the group W , to the 
following list^ 

i) y{x) = 00, for a = 0, 

ii) y{x:) EE 0, for /3 = 0, 

iii) y{x) = 1, for 7 = 0, 

iv) y{x) = x, for (5 = i. 



^ Recall that W is isomorphic to WaiD^) the affine extension of the Weyl group of D^, (see [Ok]). 

^ The group W acts on y{x) and on its conjugate momentum p{x). In the list i). . .,iv) the conjugate 



momentum p{x) is given by a one-parameter family. 
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v) Riccati solutions, 



da; xyx — 1) \y y — x y — 1/ 



for iJoo ="!?!+ '!?2 + '!?3, where i?oo, ^^i, ^^2, are defined by 

^ = 4, ,= 4^1. (1.2) 

2 2 2 2 

Solutions (i), (ii), (iii), (iv) arc called degenerate. 

The theory of the rational and classical solutions of the Painleve sixth equation has been extensively 
studied in [Ai], [AMM], [Gr], [GL], [Luk], [Urn], [Wat]. In this paper we classify all rational solutions of PVI. 
We prove the following 

Main Theorem. All rational non-degenerate solutions of PVI belong to the intersection of two or more 
one-parameter families of classical solutions, i.e. they occur for 

3 

"^oo + ^k'&k € 2Z, Sk = ±1, and 1?^ G Z for at least one k = 1,2, 3, 00. 

fe=i 

All rational non-degenerate solutions of the PVI equation are equivalent via birational canonical transfor- 
mations and up to symmetries'^ to the following solutions 

(x ^ 
y{x) = , . , \ — rr, for 'd^ = -y2'dk and i?i = 1, 



y{x) = ^ . 1^^a , q ^ ' ^00 = - > t^fc and = -2. 



(^2 + ^zxY - 1?2 - ^iX' 

■, 101 l/oo = - 

fe=l 



Our method to prove this result does not use Umemura's theory, but the isomonodromy deformation 

method (see [Fuchs], [Sch], [JMU], [ItN], [FIN]). The Painleve VI is represented as the equation of isomon- 
odromy deformation of the two-dimensional auxiliary Fuchsian system 



dA \ A — ui A — M2 A — U3 

Aj being 2x2 matrices independent on A, and Ui,U2,U3 being pairwise distinct complex numbers. The 
matrices Aj satisfy the following conditions: 

eigen (Aj) = ±^ and - Ai - A2 - A3 = A^o ■■= ^ (^^q _ 
j = 1, 2, 3, 00 being related to the parameters a, /?, 7, 6 of PVI as in (1.2). 

The entries of the matrices Ai are complicated expressions of x, y, yx and of some quadrature / R{x, y)dx, 
X being the cross ratio of the poles x — ^^^Z^l ■ The monodromy matrices Aii, M.2 and A^a of (1.3) remain 
constant if and only ii y = y{x) satisfies PVI. To each branch of a solution of PVI corresponds a triple 
M.i,M.2, M.3 of monodromy matrices, which is unique up to 

{Mi,M2,Mz)^ L-^{Mi,M2,M3)L^, 

where L^o is any constant invertible matrix such that [L^,Ai^] = (see Section 2). 



The symmetries of the Painleve VI equation are compositions of the following transformations i) x 

|, ^?oo ^ ^1 + 1, iii) a; ^ j^, ?/ ^ |Ef , 



1 - x, y ^ 1 - y, ■i?! •M. t?3, ii) a; ^ |, y ^ i, i^oo ^1 + 1, iii) x y f^f, 1)1 ^ t?2- 
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Following the same strategy as in [DM] , we describe the procedure of analytic continuation of a branch of 
a solution of PVI by the action of the pure braid group on its monodromy matrices. Since rational solutions 
have only one branch, we look for fixed points of this action. We show that a necessary condition to have a 
rational (non-degenerate) solution is that the corresponding monodromy group is abelian (see Section 3). 

Abelian 2x2 monodromy groups are reducible. In Section 4, we classify all solutions of PVI having a 
reducible monodromy group (such solutions where found in [Hit] as a reduction of Nahm's equations for a 
diffeomorphic group). Then we classify all rational solutions among them. 



Acknowledgements. The idea of classifying all rational solutions of PVI came out of a conversation with 
H. Umemura. I am indebted to B. Dubrovin who introduced me to the theory of Painleve equations and gave 
me lots of suggestions. I am grateful to N. Hitchin, who constantly addressed my work and A.C.C. Coolen 
for kindly hosting me at Kings College London where this paper was started. The author was supported by 
an EPSRC research assistanship. We thank P. Clarkson and P. Boalch for pointing out some of the typos 
which have been fixed in this version. 



2. The Painleve VI equation as the isomonodromic deformation equation of a 2 x 2 Puchsicin 
system. 

Consider the following Fuchsian system with four pairwise distinct regular singularities at Ui, U2, Us, oo: 

^^=(t^ + T^ + T^)^' AeC\{«i,«2,n3,oo} (2.1) 
dA \X-ui X-U2 A-usJ 

Aj being 2x2 matrices independent of A. Assume that the matrices Aj satisfy the following conditions: 

■d ■ 

eigen {Aj) = and - Ai - A2 - A3 = A^o, (2.2) 

for some constants 1?^, j = 1, 2, 3 and 

Aoo 2 ( ^0' ^ ) ' some constant "ffoo 0. (2.3) 

The solution $(A) of the system (2.1) is a multi-valued analytic function on (L\{ui,U2,U3}, and its multi- 

valuedness is described by the monodrom,y mMrices. To define them, we fix a basis 71,72,73 of loops in 
TTi (C\{mi, U2, U3, 00}, 00) as in figure 1, and a fundamental matrix for the system (2.1). 




Fig. 1. The branch-cuts wj between the ordered singularities Uj and the oriented loops jj in the A-plane. 
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Proposition 2.1. There exists a fundamental matrix of the system (2.1) of the form 

$oo(A) = (^1 + C7(i)^ A-^~A-^~, as A ^ oo, (2.4) 

where A~^~ := e~^'"^°^'^, with the choice of the principal branch of the logarithm with the branch-cut 
along the common direction rj of the cuts tti, 7r2, tts and the matrix entries ofTZoc given byTZocn = 7^oo22 = 
and 

for'doo ^ 2, and for -dao = 0, 7?.ooi2 = "^^0021 = 0, 

for t?oo = n e Z+, 7^ool2 = ^cx.l2(-4l,2,3,Ml,2,3), ^oo21 = 0, (2.5) 

fori?oo = -n, n G Z+, 7?.oo2i = "7^0021 (-^1,2,3, wi,2,3), ■^0012 = 0) 

where the functions 7^0x312,21 (-^1,2,3, wi, 2, 3) are uniquely determined by (>li,2,3, ^1,2,3)- Such a fundamental 
matrix $00 (A) is uniquely determined up to 

$oo(A) ^ $oo(A)ioo, (2.6) 
where L^o is any constant invertible matrix such that 

N (k) 

A--^~ A-^~ Loo A-^=» A^~ = 1 + ^ , (2.7) 

for some , constant matrices. 

The proof can be found in [Dub]. 

The fundamental matrix can be analytically continued to an analytic function on the universal 
covering of C\{ui, U2, U3, 00}. For any clement 7 £ tti ((C\{ui, U2, W3, 00}, 00) denote the result of the analytic 
continuation of $oo(A) along the loop 7 by 7[<i>oo(A)]. Since 7[<&oo(A)] and $cx.(A) are two fundamental 
matrices in the neighbourhood of infinity, they are related by the following relation: 

7[$cx>(A)] = $oo(A)A1., 

for some constant invertible 2x2 matrix Ai^ depending only on the homotopy class of 7. Particularly, the 
matrix A^oo '■= -M-j^, joo being a simple loop around infinity in the clock- wise direction, is given by: 

= exp(27rMoo) exp(27^^7^oo)• (2.8) 
The resulting monodromy representation is an anti-homomorphism: 

TTl (C\{W1,W2,W3,00},00) S L2{<L) ,^ s 

= M^Mj. (2.10) 

The images Mj := Al-y^. of the generators -yj, j = 1, 2, 3 of the fundamental group, are called the monodromy 

matrices of the Fuchsian system (2.1). They generate the m,onodrom,y group of the system, i.e. the image of 
the representation (2.9). Since the loop (717273)"^ is homotopic to 700, the following relation between the 
generators holds: 

MooM:iM2Mi = 1. (2.11) 

Observe that if we fix another fundamental matrix = ^ocLoc in the equivalence class defined by (2.6), 
the monodromy matrices A4'^ with respect to the new fundamental matrix are related to the old ones 
by 

M'^=L^^MjL^, .7 = 1,2,3. 
Thus the monodromy matrices Ms, Ai2, A^i are uniquely defined up to the ambiguity 

(A^i,A^2,A^3) - {L^'MiL^,L^'M2Loo,L^'M3L^), (2.12) 

where L^o is given by (2.7). Observe that A4oo is invariant w.r.t. (2.12). 

I recall the definition of the connection matrices. Near the poles Uj , the fundamental matrices $j (A) of 
the system (2.1), are given by the following 



Proposition 2.2. There exists a fundamental matrix of the system (2.1 ) of the form 

^j{X) = Gj (1 + 0{X - Uj)) (A - Ujy^ (A - Uj)'^^ , as X^Uj, (2.13) 

where 

for -dj ^ 0, Jj 
for -dj =0, Jj 

The invertible matrix Gj is defined by Aj — GjJjGj^, the diagonal elements of the matrix TZj are zero and 
the off-diagonal ones are defined as follows, 

fordj ^ Z, and for 'dj = Tljy2 ~ ^i2i ~ 0' 

fordj =n&'2.+ , 7^ji2 = ''^Ji2('^i>2,3, '"1,2,3), 7^j2i=0' (^-l^) 
for'dj = -n, n T^jai = ^i2i ("^1.2,3, wi,2,3), 'Rj-^^=Q, 

where the functions TZj^^ ]^2(-^i.2,3' "1,2,3) uniquely determined by >li,2,3 and ■Ui,2,3- The choice of the 
branch oflog{z — Uj) is along r] as above. The fundamental matrix $j(A) is uniquely determined up to the 
ambiguity: 

$j(A) $j(A)Lj (2.15) 
where Lj is any constant invertible matrix such that 

N 

(A - ujy^iX - n,)^^L,(A - ujr'^iX - uj)-"^^ = J2 ^fi^ - (2-16) 

for L^p = Gj and for some L!f\ ■ ■ , Lj^^ constant matrices. 
The proof can be found in [Dub]. 

Continuing the solution $00 (A) to a neighbourhood of uj, along, say, the right-hand-side of the branch- 
cut TTj, one obtains another fundamental matrix around uj, that must be related to $j(A) by: 

$oo(A)=$,(A)C,-, (2.17) 

for some invertible matrix Cj. The matrices Ci,C2,C3 are called connection matrices, and they are defined by 
(2.17) up to the ambiguity Cj — > CjLoo due to (2.6). The connection matrices are related to the monodromy 
matrices as follows: 

= CJ^ cxp {2mJj) exp [Tlj) Cj, j = 1, 2, 3. (2.18) 
Thanks to the above relation it follows that 

eigen{Mj) = exp{±m'dj). (2.19) 

Definition 2.3. The Monodromy data of the Fuchsian system (2.1) are 

{(Mi,M2,M3)/r., 7^l,7^2,7^3}, 

where ^ is the equivalence relation defined by (2.12). 

Remark 2.4. For non- integer 'dj, the correspondent TZj matrix is zero by definition and we drop it from 
the set of the monodromy data. 

The theory of the deformations the poles of the Fuchsian system keeping the monodromy fixed is 
described by the following result: 
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Theorem 2.5. Let {{Mi, M.2-, A^a)/^, T^i, 7?.2, T^s}, be monodromy data of the Fachsian system: 

d / 4° A° 4° \ 

= ( + + T^ U°> (2-20) 



of tie above form (2.2), with pairwise distinct poles vfj, and with respect to some basis 71, 72, 73 of the loops 
in TTi (C\{u5, U2, Ms, 00}, 00) . If Mk 7^ ±1 for aJi k = 1,2, 3, cx), there exists a neighbourhood U C (L^ of the 
point M° = (uj'jUjjWa) suci tiiat, for any ?i = (1*1,^2,^3) G ?7, there exists a unique triple Ai{u), A2{u), 
A3 (w) of analytic matrix valued functions such that: 

Aj{u'^)=A°j, i = 1,2,3, 

and the monodromy matrices of the Fuchsian system 

Jl* = A(y, „)* = + ^ + ^) *, (2.21, 

dA \X — ui X — U2 X — U3 J 

with respect to the same basis^ 71,72)73 of the loops, can he chosen to coincide with the given A4i, M.2: 
A^3. Tiic matrices Aj{u) are the solutions of the Cauchy problem with the initial data A^ for the following 
Schlesinger equations: 



^A = l:^, fA = -E^- (2-22) 



The solution <!>!^(A) of (2.20) of the form (2.4) can be uniquely continued, for X ^ Ui i = 1,2,3, to an 
analytic function $oo(A,w), u €U, such that 

$oo(A,«°) = C(A). 

This continuation is the local solution of the Cauchy problem with the initial data for the following 
system that is compatible with the system (2.21 ): 

dui X — Ui 

Moreover the functions Ai{u) and $oo(A,u) can be continued analytically to global meromorphic functions 
on the universal coverings of 

(L^\{diags} := {(wi,M2,M3) G | 7^ fori ^ j} , 

and 

{(A, ui,U2, U3) G (C \ui ^ Uj fori ^ j and A ^ Ui, i = 1, 2, 3} , 

respectively. 

The proof of this theorem can be found, for example, in [Mai], [Miwa], [Sib]. 

Remark 2.6. Observe that the isomonodromic deformations equations preserve the connection matrices C, 
too. 

Remeirk 2.7. When ^4k = ±1 for some k = l,2,3oo, the existence statements of Theorem 2.5 are still 
valid, while the uniqueness ones are lost. 



^ Observe that the basis 71,72,73 of tti {^\{ui,U2,U3, 00}, 00) varies continuously with small variations 
of ui,U2,U3. This new basis is homotopic to the initial one, so one can identify them. 



Let mc now explain, following [JMU], how to rewrite the Schlesinger equations (2.22) in terms of the 
PVI equation. We can assume t?oo 7^ without loss of generality (see Remark 2.9 below). Schlesinger 
equations (2.22) with fixed are invariant with respect to the gauge transformations of the form: 



Ai D ^AiD, i = 1,2,3, for any D diagonal matrix. 



(2.23) 



We introduce two coordinates (p, q) on the quotient of the space of matrices satisfying (2.22) with respect 
to the equivalence relation (2.23) and a coordinate k that contains the above gauge freedom: 



3 ^^^^ _|_ ik 

[^(g;ui,M2,U3)]i2 = 0, P = 22 " ^ 



q-uk 



2P{X)[A{X;ui,U2,U3)]i2 



where A{z; ui,U2, U3) is given in (2.21) and -P(A) = (A — mi)(A — zt2)(A — U3). The matrices Ai are uniquely 
determined by the coordinates {p,q), and k and expressed rationally in terms of them: 



ill 



+ {q- Ui) 

q-Ui 



P{q){q - Ui)p'' + P{q){q - Ui)p 



E '&k 
n — ■ 



^q-Ui ^^q-uk^ 



+ 



fe=i 



fe=i 



1?o 



+ {-QiMq - «3) + ^?i^?3(« - W2) + i?2^3((z - «i)) -^Y. 



2 ^^q-Uk 



(2.24) 



A12 = -i^oofc 

■^'21 = -J— 
-4i22 = 



1 /t?? 



•^ill ) ) 



for i = 1,2,3, where P'{z) = The Schlesinger equations (2.22) in these variables are: 



dq P{q) 



2p + 



1 ^ 

— -E 

— 1/.- ^-^ 



q-Ui ^^q-Uk 



and 



dui P'{ui) 

^ = -|p'(g)p2 +[2q + Ui-Yuj-J2'^k{2q + Uk-Y^ Uj)]p+ 
* ^ j fe=i j 

+ \d2^k- ^oo)(E ^fc + ^00 - 2)} p7^, 

^ fc=l fe=l 

91og(fc) 



(2.25) 



dui 



(2.26) 



for i = 1,2, 3. The system of the reduced Schlesinger equations (2.25) is invariant under the transformations 
of the form 

P 

Uih^aui + b, q^aq + b, pi— >■-, Va, 6g(C, a^Q. 

a 

Introducing the following new invariant variables: 



U2-U1 q-ui 
x = , y= ; 

U3 - Ui U3- Ui 

7 



(2.27) 



the system (2.25), expressed in the these new variables, gives the PVI equation for y{x) with parameters 

Remark 2.8. Observe that permutations of the poles Ui and of the values di, i = 1, 2, 3, 00 induce trans- 
formations of {y, x) of the type x — > 1 — a; and y^l — y, x—^^ and y ^ ^, x ^ and y — »■ j^f and 
their compositions. These transformations are the symmetries of the Painleve VI equation. 

Remeirk 2.9. It is clear from (2.28) that changes of the signs of the parameters "ffk, k = 1,2,3 and 
transformations on "ffao of type "ffoo ^ 2 — i?oo give rise to the same PVI equation. 

We summarise the results of this section in the following: 

Theorem 2.10. Branches y{x) of solutions of the PVI equation with parameters a, (3, 7, 5, consid- 
ered up to symmetries are in one to one correspondence with local solutions of the Schlesinger equations 
(2.22) with parameters '!?2, '!?3, i?oo given by (2.28) and Aoo given in (2.3), considered up to diagonal 
conjugation (2.23) and permutation. This one-to-one correspondence is realized by the formulae (2.24), 
(2.27). For each branch of a solution of the PVI equation, there exist a unique set of monodromy data 
{{M-i,M2,M3)/^,TZi,TZ2,TZ3}. Vice-versa, let {{Mi,M2,M3)/^,TZi,TZ2,TZ3} be a set of monodromy 
data such that 

eigen(A^j) = exp(±7ri'!?j), {M3M2Mi)~^ = Moo, eigen(A^oo) = exp(±7rii?oo), 

MfeT^il V fc = 1,2,3,00, 

with some numbers -di, i?2, "i^a, ^^oc, and TZi,TZ2,Tls satisfying (2.14). If there exists a branch of a solution of 
the PVI equation with parameters (2.28) such that the Fuchsian system of the form (2.1) given by (2.24) 
has the prescribed monodromy data {(jMi, jM2, jMs)/^, T^i, 7?.2, T^s} then this branch is unique modulo 
symmetries. 



3. Analytic continuation and rational solutions of the Painleve VI equation. 

In Theorem 2.10, we parameterised branches of generic solutions of PVI by triples of monodromy 
matrices. Following [DM], now we show how these parameters change with a change of the branch in the 
process of analytic continuation of the solutions along a path in (C\{0, 1, 00}. Recall that, as it follows from 
Theorem 2.5, any solution of the Schlesinger equations can be continued analytically from a point (wj, U2, U3) 
to another point {u\, u\, u\) along a path 

(Mi(i), U2(t), M3(t)) e (L\{diags}, < t < 1, 

where {diags} = {ui,U2, M3I Ui = uj, for somei j} and 

Ui{0) = and «,,;(!) = u], 

provided that the end-points are not the poles of the solution. The result of the analytic continuation depends 
only on the homotopy class of the path in (L'^\{diag.s}. Particularly, to find all the branches of a solution 
near a given point u° = (^5,^21^3) one has to compute the results of the analytic continuation along any 
homotopy class of closed loops in Qi^\{diags} with the beginning and the end at the point u° = (u?, U2, u'^). 
Let 

/3 e TTi {<L^\{diags}; u°) 

be an arbitrary loop. Any solution of the Schlesinger equations uear the point m*^ = (wj, 7/21 ^'3)1 imiquely 
determined up to (2.23) by the monodromy matrices Mi, M2 and M3, computed with respect to the basis 
of loops 71, 72, 73. Continuing analytically this solution along the loop f3, we arrive at another branch of the 
same solution near This new branch is specified, according to Theorem 2.10, by some new monodromy 
matrices Mi, M2 and M[^, computed in the same basis 71, 72, 73. We want to compute these new matrices 
for any loop /? G tti ((L^\{diags}; u°). The fundamental group tti ((L^\{diags}; is isomorphic to the pure 
(or unpermuted) braid group, P3 with three strings (see [Bir]). 
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Lemma 3.1. For the generators (32, Pa of the pure braid group P3, A^f have the following form: 

Mf' = MiM2MiM^^M^\ Ml' =MiM2M^\ M^' = M3, (2.29) 

Ml' = MiM3MiM7^M7\, mI' = MiM^MT^, 

„ (2.30) 
Ml' = MxM^Ml^ Ml^ MiM-iMxMl^ Ml^ . 

M{^=Mx Ml' =M2M3M2M^^M2'^, MI'=M2M3M^^, (2.31) 
Proof. This lemma is proved in [DM]. 

Lemma 3.2. If a solution of the Painlcvc VI equation such that none of the corresponding monodromy 
matrices Mi,M2, M3 are multiples of the identity is rational then Mi,M2, M3 are fixed points under the 
above action (2.29), (2.30), (2.31) on the space of triples 

{{Mi,M2,M3)/^, M3M2M1 = M^^} 
the equivalence relation ^ being defined in (2.12). 

Proof. The action (2.29), (2.30), (2.31) of the pure braid group on the triples of monodromy matrices not 
only describes the structure of the analytic continuation of the solutions of the Schlesinger equations (2.22), 
but also of the reduced ones (2.25) and thus of the PVI equation. A necessary condition for a solution to 
be rational is that it has only one branch. Since the action (2.29), (2.30), (2.31) of the pure braid group on 
the triples of monodromy matrices commutes with the conjugation (2.12), the triple of monodromy matrices 
Ml, M2, M3 corresponding to a rational solution is unique up to (2.12). A 

Lemma 3.3. If a solution of PVI such that none of the corresponding monodromy matrices Mi,M2,M3 
are multiples of the identity is rational then the monodromy matrices all commute 

[Mi,Mj]=0, Vi,i = 1,2,3. (2.32) 

Proof. By Lemma 3.2, we have to impose 





Looi ^ MiLoci 


= Ml' = MiM2MiM^^M^\ 






Looi ^M2Lool 


:^MI' ^MiM2M^\ 


(2.33) 




Lool 


= Ml' = M3, 




-^002 


^MiL^2 = Ml' = 


= MiM3MiM^^M^\ 




Loo 2 


'M2L^2 = Ml' = 


= MiM3M^^M3^M2M3MiM3^M^\ 


(2.34) 


Loo 2 


'M3L^2 = Ml' -- 


= MiM3M^\ 






L003 ^MiL^3 


= mI' = Mi, 






L003 ^M2Loo3 


= Ml" = M2M3M2M3^M2\ 


(2.35) 




L003 ^■^S^'ooS 


= Ml' = M2AI3M2 ^ 





for some suitable matrices iooi) ioo2) -^003 that are diagonal for i^oo ^ 2, are in Jordan form for -doo G 2 
and TZao 7^ 0. Then we have to distinguish two cases: i) M^o =tl is diagonal, ii) M^o is in Jordan 

form. 

i) In this case, the matrices Looi: ^0021 ^003 are diagonal. If none of the matrices Mi^2,3 is diagonal in 
the basis of Moo diagonal, then the above matrices £,001,-^003 must be chosen to be multiples of the identity. 
Thus, from 

M2 = MI' =MiM2M^\ 

M3 = MI' =M2M3M2\ 
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it follows immediately that 

[M2, Ml] = 0, and [M2, Ms] = 0, 



thus 

Loc2^M2Loo2 = MI' =M2, 

i.e. Loo2 is the identity matrix as well and thus we obtain (2.32). If one of the monodromy matrices Mi^2,3 
is diagonal in the basis of Mqc diagonal, for example Mi, then cither Loci is the identity matrix or M3 is 
diagonal. If L^oi is the identity matrix, from (2.33) we have that M2 is diagonal as well, and being Moo 
diagonal as well, M3 must be diagonal and we find again (2.32). If M3 and Mi are both diagonal, since 
Moo is diagonal, M2 must be diagonal too and we find again (2.32). 

ii) Suppose that M QQ is in Jordan form. Then the matrices Lqq\^ Lqq2^ -^003 

have the form ^ ^ ^ for 

some constants ai, a2, as. If none of the matrices Mi,M2, M3 is in Jordan form, all matrices Looi; -^0021 -^oc.-s 
arc the identity matrix and we obtain (2.32) as above. Suppose that one of the monodromy matrices, for 
example Mi is in Jordan form. Then, either Looi is the identity and [A^2, A^i] = or M^ is in Jordan 
form. Reasoning as above we obtain that all matrices Mi,M2,M3 are in Jordan form and thus commute. 

A 



4. Reducible monodromy groups. 

Theorem 4.1. All solutions of PVI corresponding to reducible monodromy groups are equivalent via bira- 
tional canonical transformations and symmetries to the following one-parameter family of solutions, realized 

for ^00 = -{^1+^2 +^3) 

_ (1 + ^1 + ■t?2 - - 'ihx)u{x) - x{x - l)Ua;{x) 

^~ {l+dl+^2+^3)uix) ^ ■ 

where u{x) = Ui{x) + vu2{x), ui{x), U2{x) being two linear independent solutions of the following hyperge- 
ometric equation 

x{l - x)u^^{x) + [2 + + a?2 - (4 + + 2^2 + ^3)x] u^{x) -{2 + ^1+^2 + ^3){-&2 + 1)m(x) = 0. (4.2) 

Proof. For reducible monodromy groups there exists a basis in which all monodromy matrices are upper 
triangular. We can always perform a change of basis in order that Moo has the form (2.8) and all monodromy 
matrices have the form: 

\ exp(— TTit^fc) 

It then follows, by the relation (2.11), that ^00+Sk J2k ~ = ±1) iV e Z. By means of the birational 

canonical transformations and symmetries of the PVI equation, we can always assume that Sk = +1 and 
N = 0. Perform the following gauge transformation on the Fuchsian system 

$^$ = n|=i(A-«fe)^$, A-^A^A-yi. 

The new residue at infinity is 

T /O 

Aoo= [ -tfoc+X^i^ 



and the new monodromy matrices are 



Mk = eM-^^^k)Mk = ( I exp(-M.),)' ^=^'2,3, 
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and 

Since all monodromy matrices have the first column given by ^ q ^ ' ^^"^ Fuchsian system admits a non- 
zero single valued vector solution Y. This solution is analytic at ui, U2 and U3 because all residue matrices 
Ak, = 1, 2, 3 have a zero eigenvalue. At infinity Y is necessarily constant. Thus, near each Uj, one has 

-^y + o(i) = o, 

X-Uj 

that implies that Y has the form ^q^> for some a ^ and all residue matrices Ak are upper triangular. 
Correspondingly p = J2k^i (g-uk) ^^'^ solution y[x) of PVI is given by (4.1). A 

Remark 4.2. Observe that the appearance of the hypergeometric equation in Theorem 4.1 is quite natural. 
In fact, when all the residue matrices Ak are upper- triangular, the Schlesinger equations, and thus the 
Painleve VI equation, linearise. 

Lemma 4.3. The one-parameter family of classical solutions (4.1) contains at least one rational solution if 
and only if one of the values ■!?2, ^3, i^oo is an integer. 

Proof. The onc-paramctcr family of classical solutions (4.1) contains at least one algebraic solution if and 
only if the corresponding Riccati equation 

1 + z9i + + 2 1 + i?i + 1^2 + i^ia; + t^sx i^i 
^-^^)= .(x-1) y ^^{^) y+^l 

has at least one algebraic solution, i.e., if and only the corresponding hypergeometric equation (4.2) is 
integrable in the sense of diflferential Galois theory (see [Mor]). This happens if and only if and only if 
the parameters A, /i,;/ of the hypergeometric equation belong to the Schwartz-Kimura table (see [Mor]). In 
particular rational solutions are occur only when at least one of the numbers fi — X + u, 12 — X — u, 12 + X + u, 
H + X — v is an odd integer. In our case A = — 1 — i?! — i?2, M = 1 + i?i + i?3, = — 1 — i?3 — i?2 so the 
one-parameter family of classical solutions (4.1) contains at least one rational solution if and only if one of 
the values ?92; i^^s, 1^00 is an integer. A 

To conclude the proof of the main theorem, wc use the following lemma 

Lemma 4.4. All solutions of PVI such that one or more monodromy matrices Mi, M2, Ma, -Moo is a 
multiple of the identity are either degenerate or are equivalent via birational canonical transformations to 
the one-parameter family (4.1 ) of Theorem 4.1. 

Proof. We omit the proof of this Lemma that can be found for example in [Mai]. 

The classification is concluded observing that if one or more of the monodromy matrices is a multiple 
of the identity, then the corresponding solution is equivalent via birational canonical transformations to 
a solution with reducible monodromy groups. If none of the monodromy matrices is a multiple of the 
identity, then in order to have a rational solution the monodromy group must be Abelian. All Abelian 
2x2 monodromy groups are reducible. Thus all rational non-degenerate solutions of the PVI equation 
belong to the one parameter family of classical solutions given in Theorem 4.1, up to birational canonical 
transformations. Then we can use Lemma 4.3 to classify them. 
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